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Abstract 
The red blood cell (RBC) membrane consists of a lipid bilayer and spectrin-based cytoskeleton, which 
enclose haemoglobin-rich fluid. Numerical models of RBCs typically integrate the two membrane 
components into a single layer, subsequently limiting investigation of the bilayer-cytoskeleton 
interaction. To address this constraint, a new RBC model which considers the bilayer and cytoskeleton 
separately is developed using the discrete element method (DEM). Resting RBC morphology predicted 
by the two-layer model is compared to an equivalent composite (one-layer) model, with excellent 
agreement for critical cell dimensions including diameter, maximum thickness and minimum 
thickness. A parametric study is performed where area reduction ratio and spring constants are varied. 
It is found that predicted resting geometry is relatively insensitive to changes in spring stiffness, but a 
shape variation is observed for reduction ratio changes.  
Introduction 
RBCs are composed of a semi-permeable outer membrane surrounding an inner cytosol of 
haemoglobin-rich fluid. The membrane is the only structural component of the cell, and is 
subsequently responsible for the cell’s deformability and typical biconcave disc-shape when at rest. 
Membrane flexibility and the morphology’s high surface area to volume ratio allow RBCs to easily 
and repeatedly change shape as they pass through narrow blood vessels. This enables RBCs to 
efficiently transport oxygen throughout the body [1].  
The RBC membrane consists of two components: an outer lipid bilayer including proteins and 
cholesterol, and a spectrin-based cytoskeleton tethered beneath. The bilayer provides resistance to 
bending and maintains a near-constant surface area despite repeated deformation cycles. The 
cytoskeleton facilitates stretch deformation through the folding and unfolding of spectrin proteins, 
which are long molecules that bind with actin at their ends to form junctions. The spectrin-based 
network creates a triangulated 2D surface beneath the bilayer [2, 3]. Integral proteins in the bilayer 
bind with spectrin to form strong links between layers. A secondary coupling occurs between actin in 
the junctions and integral proteins in the bilayer [2].  
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RBC numerical models typically integrate the bilayer and cytoskeleton into a single layer [3-7], which 
prevents investigation of the bilayer-cytoskeleton interaction. The purpose of this paper is to present a 
new DEM membrane model that considers the bilayer and cytoskeleton separately, such that the 
influence of each component and their interaction can be studied. The model is intended to provide a 
starting point for studying RBC morphological changes in storage, where the interaction between 
membrane layers is crucial in driving more complex RBC shapes such as echinocytes [2].  
Numerical Model and Methodology 
The two-layer model is developed using a DEM approach extended from previous composite models 
[3-7]. Each membrane layer is discretised into N particles distributed evenly around a circle of chosen 
radius, with particles connected by the spring networks shown in Fig. 1. Linear cytoskeleton springs 
control stretch deformation, while bending springs represent the bilayer’s resistance to changes in 
membrane curvature [3]. For the two-layer model, these are included on the individual layers and in 
addition, a second set of linear springs account for bilayer-cytoskeleton interaction. 
         
Fig. 1: Schematic diagram of initial model configurations (N = 8) showing the discretised membrane 
and spring networks for (a) the composite model and (b) the two-layer model  
Total energy stored by cytoskeleton springs is given by Eq. 1 where kl is the spring constant, li is the 
length of spring i and lo is the relaxed (initial) spring length. The total energy stored in bending springs 
is given by Eq. 2, where kb is the spring constant and θi is the angle shown in Fig. 1. The energy stored 
in interaction springs is given by Eq. 3, where kt is the spring constant, ti is the length of spring i and to 
is relaxed spring length. A constraint is placed on cell area in Eq. 4, where kA is the constraint 
coefficient, A is current area of the cell and Aref is the reference area being targeted. This numerically 
allows the area of the cell to be reduced while maintaining the circumference, in effect increasing the 
surface area to volume ratio in the three-dimensional sense. For the two-layer model, this function is 
applied to both layers individually. Aref for each layer is calculated using Eq. 5 based on a specified 
reduction ratio, R, and the area of the starting circle of radius ro. 
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The resting shape of the cell is obtained through minimising total energy stored in the membrane given 
by Eq. 6a and 6b for the composite and two-layer models respectively. The force acting on the i
th
 
particle, Fi, is obtained from the principle of virtual work in Eq. 7, where ri is particle position. The 
force on each particle is converted to an acceleration using Newton’s second law and an arbitrarily 
small particle mass. The movement of particles is tracked over time until the minimum energy 
configuration is achieved. 
𝐸 = 𝐸𝑙 + 𝐸𝑏 + 𝐸𝐴 
𝐸 = 𝐸𝑙 + 𝐸𝑏 + 𝐸𝐴,𝑏𝑖𝑙𝑎𝑦𝑒𝑟 + 𝐸𝐴,𝑐𝑦𝑡𝑜𝑠𝑘𝑒𝑙𝑒𝑡𝑜𝑛 + 𝐸𝑡 
(6a) 
(6b) 
𝐹𝑖 = −
𝜕𝐸
𝜕𝑟𝑖
 (7) 
Parameter Values. Baseline values for each of the parameters were selected as follows. Spring 
constants were taken from previously published 2D DEM models [5-7]. Thus kl = 5 × 10
-8
 Nm, kb = 5 
× 10
-10
 Nm and kA = 1 × 10
-5
 Nm. A reduction ratio of 0.48 was chosen from the measured geometry of 
RBCs at physiological osmolarity [8]. The composite membrane model required a starting circle radius 
of 2.9 µm to produce an energy minimised cell of 7.91 µm diameter, closely matching mean RBC 
diameter [8]. The two-layer model required starting radii of 2.95 µm and 2.85 µm for the bilayer and 
cytoskeleton respectively, to produce comparable RBC dimensions. The relaxed interaction spring 
length, to, was selected from the work of Heinrich et al. [9] who concluded the bilayer and 
cytoskeleton were offset by 30 nm on average. The interaction spring constant, kt, was selected based 
on convergence of the model and maintaining the offset distance between layers. At kt = 10
6
, particles 
were tightly bound at a distance of approximately to and the model converged quickly due to 
dominance of the interaction over other energy terms. 
Particle number, N, was chosen to balance membrane smoothness against the computational cost of 
increasing the resolution. Simulations were performed using the selected parameter values. From Fig. 
2, N = 60 was selected as critical dimensions become steady for both models at this point.  
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Fig. 2: Comparison of RBC critical dimensions (µm) against particle resolution 
Energy minimised shapes using the chosen parameter values are shown in Fig. 3 and critical 
dimensions of the two models are in Table 1. It can be seen that that the shape variation is extremely 
small and that offset distance between the layers is very close to the desired 30 nm. This validates the 
resting geometry prediction of the two-layer model at physiological conditions. 
 
Fig. 3: Energy minimised shapes using baseline parameters for (a) the composite model and (b) the 
two-layer model where the blue and red lines represent the bilayer and cytoskeleton respectively 
Table 1: Critical dimensions of predicted RBC geometries  
Model Diameter 
Minimum 
Thickness 
Maximum 
Thickness 
Circumference 
Average 
Offset 
Composite 7.91 µm 1.18 µm 2.06 µm 18.21 µm - 
Two-Layer 7.87 µm 1.15 µm 2.06 µm 18.13 µm 32.6 nm 
Difference 0.53 % 2.45 % 0.33 % 0.44 % - 
Simulation Results and Discussion 
To investigate sensitivity of selected parameter values on the resting shapes predicted by the two-layer 
model, a parametric study was performed. The result of varying the reduction ratio is shown in Fig. 4. 
As R increases, cell thickness approaches a constant value and the cell loses its biconcave shape. This 
relationship has excellent agreement with the composite membrane model as seen in Fig. 4 (b). The 
effect of varying each spring constant in the two-layer model is presented in Table 2. Note only the 
spring constant of interest is changed with all other parameters remaining at base level.  
(a) (b) 
Diameter 
 
Max Thickness 
 
Min Thickness 
Two-Layer       Composite 
Legend: 
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Fig. 4: (a) Cell shapes predicted by two-layer model with varying reduction ratio and (b) plot of 
reduction ratio versus critical cell dimensions for both models 
Table 2: Effect of varying spring constants on RBC resting geometry, where D is Diameter (µm), 
MinT is minimum thickness (µm), MaxT is maximum thickness (µm), C is circumference (µm) and 
AO is average offset (nm). Grey rows highlight the simulation at base values.  
kL  
(× 5E-8 
Nm) 
D 
Min 
T 
Max
T 
C AO 
kb 
(× 5E-10 
Nm) 
D 
Min 
T 
Max
T 
C AO 
      0.01 7.87 1.15 2.06 18.13 32.6 
0.1 7.98 1.09 2.06 18.38 32.6 0.1 7.87 1.15 2.06 18.13 32.6 
1 7.87 1.15 2.06 18.13 32.6 1 7.87 1.15 2.06 18.13 32.6 
10 7.86 1.16 2.07 18.11 32.6 10 7.87 1.15 2.06 18.12 32.6 
100 7.86 1.16 2.06 18.10 32.6 100 7.83 1.18 2.06 18.03 32.6 
 
kA  
(× 1E-5 
Nm) 
D 
Min 
T 
Max
T 
C AO 
kt 
(× 10
6
 
N/m) 
D 
Min 
T 
Max
T 
C AO 
      0.01 7.88 1.17 2.08 18.19 46.2 
0.1 7.84 1.16 2.06 18.09 30.3 0.1 7.88 1.15 2.08 18.17 41.0 
1 7.87 1.15 2.06 18.13 32.6 1 7.87 1.15 2.06 18.13 32.6 
10 7.94 1.12 2.08 18.31 40.8 10 7.86 1.15 2.06 18.12 30.3 
 
It can be seen in Table 2 that variations within the ranges tested have a limited effect on the external 
dimensions of resting morphology, suggesting global changes in membrane stiffness do not 
significantly influence resting RBC geometry. However, kt and kA altered the average offset distance 
between layers. This is due to competition between Eq. 4, which tries to maintain the reference area, 
and Eq. 3 which tries to maintain a distance of 30 nm between layers. Overall, these results again had 
excellent agreement with the equivalent composite model predictions at rest. Note that a hundredfold 
reduction of kl led to R deviating too significantly from the desired value for fair comparison, while a 
hundredfold increase in kt increased simulation time too greatly to achieve convergence. Furthermore, 
large changes to kA caused the bilayer and cytoskeleton to cross over at the minimum energy state.  
(b) 
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Conclusions 
This paper has developed a 2D DEM model of a RBC which considers the bilayer and cytoskeleton 
separately. It has been shown that linear stiffness on the cytoskeleton, bending stiffness on the bilayer 
and linear interaction springs between layers are capable of predicting RBC shapes with excellent 
agreement to equivalent composite models. The two-layer model’s predictions of resting RBC shape 
are insensitive to global changes in the spring constants, suggesting changes in membrane stiffness 
affecting the whole cell have limited impact. However modifying the reduction ratio causes a shape 
variation in line with composite model predictions. Future development of the two-layer concept 
should focus on scaling up to three-dimensions. It is envisioned that the model could then be used to 
investigate RBC morphological changes over time in storage conditions, where the interaction between 
layers and localised stiffness changes are thought to lead to more complex RBC morphologies such as 
echinocytes. 
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